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52 % % (Vulkan/CUDA) % %5 Taichi 3% 3. Tb 5T, GPUZ— F® CPU =+ ¥ CRIGTX 7
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field = FCHIZEL
SNode = % Dfighl% &9 A VIcili2% »DIEE (SNode = Structural Node (#&&/ —F) )
particle = ti.root.dynamic(ti.i, max_num_particles, chunk_size)
HEWEHEL % taichi field ATl 72 <, python X € U HNTIT I &, FHEKFSEFEINIC 22 5.

(723, Z O chunk size iICX7" (?) 2% D, segmentation fault % M X Ht 1 T 72 23MEIE L 72.)
S5 Th, GPUDZ— 7D, CPU DI — FZAadp THERINTEE (basic, B
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ti.root Jl—FsNode YU-0iR
dense / pointer / dynamic SNodeZ£ B # FSNode#{E3
SNode 934 ATUEE/-F
field 932 =7-9
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LY, HANCHoNLORZDDAEY 25OY) ) THER L TH < chunk I 4 X & v ) BEEA T
{ %. Taichi scope W T X%V ZFAML TH python scope (or OS) 75 2 LRI N Tz,
Garbage collect (GC) F& T3, MUHINAL o7 list IFHEICGC ONRICARD., 2Dl
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7 EE, niz7ay 2 Nok 7 &5.
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] . FHEZEMNTH <.
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. GPU EMHI1c B 2 float & double D
float (f32) 13 7 HiF2FE, double (f64) (3 16 HTTRFE DIEE.



FHRGHIE X CPU TR EH L D IZIEFIL. 64bit 7 —F 7 7 F ¥ 722> 5. GPU (3 double 72 & 10 5,
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. python DI DK
Python (¥ [EHICH R H 2| OTlEa A7V 7 Viclrbh s | it

a=[10] # 23V R PR
a=a[0] # VALDO0OFEHZ alC ANZOTIORHTaldint B, U X MUIHEML, GC
DXIRICT: 5.

print(a) # 10
C/C++ FILELE -

w J=F

int a;
a=18; // al3Bilint

Python :
oy ]—F Taichi
a =18 # int s
a=[1,2] # list « J-F

a "abc" # str

ti.field(...)
ti.vector.field(...)
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(3) Program &%

Y — A 32— F FSIswim00.py 73,

Y VN2 A engine/mpm_solver.py % FEOVH L,

Zs, foi#E) 7 J X motion.py MU L,
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engine 7 4 L Z FPUHNDI—=FbH 1 0H X WA TR BRERITIZ D=2,

(3-1) MLS-MPM Y A >¥27 5 Z (engine/mpm_solver.py)



T (B 72\ gridnode) & RIF (B)< particle) ZAERKL, B)J1F%25H T2, DUF, B0 self (X
AELTH 5.

engine/mpm_solver.py/MPMSolver(

res=(ResolutionX, ResolutionY, ResolutionZ): x, y, z 77 [A] DT DRSS

size=: x,y,z DZER] DY A4 X, TR

max_num_particles=2 ** 23: 223 =8.3M /¥

quant : A€ Y OFHSiEH 7R, .. default ¥ False. AT I False & L Cad#
use_ggui=True

. g
)

(@) Member variables:
. MRl 4R
material water =0
material_elastic =1
material_snow = 2
material _sand =3
material_stationary = 4
L C T, HEBOMMRE SRR L 72,
materials = {
'"WATER': material water,
'ELASTIC'": material_elastic,
'SNOW': material _snow,
'SAND'": material_sand,
'STATIONARY": material stationary,

Wall boundary is X, Y, Z <3, or

Resoution-3 < X<Y< Z Bloch
Grid node i i+1 | j+2
[~
| stenci] range|(3*3)
I~
[~
™~ -
| L Particle o o
[~ I~ ° n. FEON DAY, ~ NN |
™ =5 ResolutionX po i
T ~ size dx
Resolution?' ~
~
dx . .
y dx=size/resolutionX
p_vol=dx"3

R oW g x, EFE 27T CRtEL T2, 207w, BEDFPIC 3T %o T2 ooz
T 2720, BEAFORATEOFE R LIZE o772 TE Vv, hBEEOMHIED 7 —1 VERE X
m, RINCHBI T 2 EEZFR T2 L, d2EH Il Ladhid o a %5, 1 RFNICKT
8. 7272 L, RTI3EIK 220, BFHNIC—2 b F23luG&abdH 5. b, ERDEREIL block
QT T 4%4%4 151,
. BEMoEERSME (Boundary projection operator)

surface sticky =0

surface slip =1

surface separate = 2

surfaces = {

'STICKY": surface_sticky,

'SLIP": surface_slip,
'SEPARATE": surface separate



0, B is sticky,

. Bisslip,
Proj(v,n, By =1 " %P 25)
{V;, Bisseparateandv-n <0,

v, B is separate and v - n > 0,
Ve =V (VORI B OB IEEE (tangent), BEO BT L D A 0. BEEI AW 5.

PO=max(0, [vel + pve ) pege o e SR T O BB R AN, B E IS LN, LD
KEFETIE Ry, OF D, uFTldal, pvn INA—FUCHEZMEL THE. At H/hE LT
W, F=ex+kAX 12, Ax Z/NE SIS 7 TiE R 6 7,

wIFBIEBGRE, & v ) ER
. RN T A=

dim=3 P RTT

grid_size = 4096 1 =212 default

t ¢ IR

res=(resolutionX, resolutionY, resolutionZ) : X, y, z 77 1Al iR

n_particles DRLA DAL

dx = size / resolution TR

inv_dx=1/dx g TR T D
vol=dx"3 RTE

p_rho = 1000 CEE p

p_mass =p_vol *p_*rho T RF?) oER

water SG = water SG : [LEE specific gravity

elastic_SG = elastic_SG

max_num_particles SRR RE

gravity=(gx, gy, g7) P EH

source_bound=((x,y,2),(x,y,z)) : cube D & ¥, FHIHRIER L ¥4 X7 b v
C[p]= ti.Matrix.field(self.dim, self.dim, dtype=ti.f32): rv/rx ~ F U 27 R, H%iilH

v[p] = ti.Vector.field(dim, dtype=ti.f32) : float DL, seed “C“?‘)Jﬂﬂfﬁ

x[p] = ti.Vector.field(dim, dtype=ti.f32) : float D&, seed CTHIHAfH

F[p] = ti.Matrix.field(dim, dim, dtype=ti.f32) C TR AT = AT E) & L, seed THIHME, G/
TYYNMIEVEIEEINS,

material[p] 1132, MEL seed TIUA

color[p] :32. Splat grid-wise colored distance field (CDF)
KT B 1T 22 cfiidbi 5 SDF (singed distance function) 1) L C, {423 n fEIC 7% - 72
EEICHEEHRZAMML CTXAITE 2 X5 IR L T 5. Traditional signed distance functions
(SDFs : fF5 (T RREERIE) 1%, msYAE D WER A HMER L %2 v & b & 2 D I filiA].
SDF I X 2 22 H5E 1 [o(x)<0 Tff22] [V THER] [—o TRAR] &\ )R CHTLIE
BRTNTY X L,

YIRS % signed distance function (x) T
o o(x)>0 :AHMR
o(x)=0 :HR
P(x) <0 D
BEAT VT Y R4 (it vs EESSY)
BFArE x %z 3
d=o(x)
2. fEZEHE
ifd<0— Hifl (fi52)



3. IEHREHE

n= Vo)

n=n/|n|
4. HrEMHIE (projection)

X _new=x-dn

(d<0 72 D CTHMHI~H L Hi57)

5. HEEAHIE (B - BEHR)
AR T R
v.n=(v-n)n
Bt 7 s
v_t=v-v.n
FER AT
V_new = V_t - restitution * v_n
BERD Y -
v_t new=max(0,1-plv n|/|v t) vt
V_new =Vv_t_new - restitution * v_n
A (MPM/SPH) ToOffiv7i
MPM T (3@ :
grid node fizi& x g T
if p(x_g)<0:
AR TS R % BR 2
DFY [0y FREZIRT 5| FiEB I b s,
MR 7 v — (KR T %)
for each particle:
X += v dt

d=o(x)

ifd<0:

n = normalize(V ¢(x))

x-=dn

v = collision_response(v, n)

ZiicxfL, SDF Z¥LiRL 72 CDF T, i &FHD 7'V v FHEHEHER dxi)Ofhic s (color 134
BoLED) HRzemzcns, G, EFEERIORE L, xi L DMICET 52, %

L TWwWa, TN TEROERAZRAL Tnab,

5.2.1 Grid unsigned distance. & 1175 7x L B

Rigid particles

#7718 DIARSE FLH ¢

BRI T © 11, 1, ..o tre ROZEMIEARL 14K
HEAfEE e () 1 B2 5L, WFERI~DFR

Uiry i A o H T DMK T- m ORI % © 0 FF B4 A,



Surface primitive

w1 | Local plane

| o ®  Rigid particle

= U axis

....... Valid distance

Invalid distance

Fig. 11. Splatting the unsigned distance field from a rigid particle on a
segment to 9 grid nodes. The u axis is the normal to the plane defined by
the primitive. The value of u; , for each grid node thus represents the
signed point-plane distance between grid node i and the plane that rigid
particle ry lies on. Nate that such a distance is only considered to be valid
{or existing) if the projection onto the plane actually lies inside the primitive
geometry.

kOSSP O S

distance rasterization

i ZHHOK O+ CRIBEHREIENDDEREFL TEL?

di = min |uj,r, |.
r.m
P EELTB VT, 54 TS

Rigid particle seeding:
B/NVBETEREE < KRR (grid spacing) Ax

Grid color field:
ZNZNDORTDELEEL (color) 1, (1) ¥ T DIHI~D affinity(closeness) Air &, (2)% Dl

(side) 3B 2MM%ETFRY v L7227 Tir e HEA TV S,

1, dn with valid wj r, .
Air:{ n with valid uj,r, , (20)

0, otherwise.
BN PSR uim & 22 =D THHEET I 2D 1, RIINF0. i 3EF/ —F, nik
Bl A -
Tir— sign(u; Fye (X2 ],).

5.3 particle-wise colored distance field D2

grid CDF (di, Air andTir)

MPM particle locations xp

BliZ, ARV lE?, HF Lo F A 772w klifRc=oicion R ? ? ?

(@) R, #k, HO=2DFET IR DH LR

()T D57 LEERES - 3% 6 KR0S EERE O, fEahm v, H2dEy (1 EeEsr ¥
JEL 7)) pHAE

(c) ¥&F colors : =MD IC B 2T 7z, [fED P2 #E <, Ml Z ¥ <

(R Ficdbt: 326, MEARZES, SMIIZR<

(e) Ki¥pHHE « K+ DR CORFT 7x LEREE

()MLS iC X > T VU 7 Sz ikfR -



(a) surface mesh (b) grid distance (d) particle color (e) particle distance

Fig. 12. (a) Three intersecting thin rigid boundaries; (b) Grid unsigned distance field; (c) Grid colors (relationship to boundaries); (d) Maintained particle color;
(e)(f) Particle distances to the boundary and the normals reconstructed with MLS.

MuzfkeFo T4 vhtloTnd &2 A,

Particle color field
Kit-2 7 Tpr : BEREEE A7

Tyr = sign (Z N,-(xpjd,-T,-r), (21)

Particle distance and normal

AR 4 np *
¥ o
‘ny, = ?d},ﬂvdﬂ.
dp (2K T-ERAfE
color_with_alpha :GUIF. 32 ® 4 XJt. (R=1.0, G=1.0,B=1.0,transparence=1.0)

Ip : £32, plasticity: float D FJ¥APEIEE. HE WA, BEO L ik, ...
indice = ti.ijk (30T (,j,k) % &®THR, Taichi 23 SNode il E

offset = (-2048, -2048, -2048) : =2/11 AAD A4 ¥ F v 7 Z%ff 5 729 D offset. i-2048, j-2048, k-2048.
kernel DT 7 2 ZHE % FIF 272, index DHiPHA-2048 75 2048 IC LT\ 5,

num_grids=1
grid block size = 128
leaf block size =4

grid =[] : #%7 ti.root => pointer [grid_size//grid_block size=32, 32, 32] EAL? ? ?

grid v=1] P (£32, 32, F32)ME P, dRHEEIE mv 17 o TV 2B H .

grid m=[] D32, IS TEE.

pid =] tint32, KIF id

block : ti.root => pointer [grid block size // leaf block size =32, 32, 32] => pointer [1024, 1024,
1024]

block.dense

taichi Point SNode @ reference 13 Z D/,
https://docs.taichi-lang.org/docs/sparse#pointer-snode

padding =3 DEEFLRICE 5 T 3. BEDEHE D 2 3 H O FEHE o WIIAfEE 0

E = le7 * size * E_scale RTINS ES . RELST B E dt /NS
T HREDND 5. E scale=1. default=1e6. ZDOEYMET LICEHTEZ 5L HICL 7.

nu=0.2 v, KTV VH, 03U %%,

mu_0 = E/(2*(1+nu)) D =G BRI E R L. T AEB R o Tws, KiZoIcL T3

lambda 0=E*nu/((1+nu)*(1-2%nu)) i A= ——0——: X 5ICZDHINLIE, MEHckoTzER

1+v)(1-2v)
TNEHEINTN S,
alpha = math.sqrt(2 / 3) * 2 * sin_phi / (3 - sin_phi) # WORBHDNNT A =27

particle : Taichi D A€V L 4 7 v b



particle (dynamic SNode)
— x
v
—F
— material
L— color
|-C : matrix
-Jp
|-color with_alpha
Taichi ® 7 7 24F (Python i) 2> 5%, x (mpm.x[i] : mpm ¥ MPM solver BZE%0) v & L
CT7/7®ATE 5,

voxelizer = Voxelizer( PR 7 e DI
res=self.res = (resolution, resolution, resolution),
dx=self.dx=size/resolution,
padding=self.padding=3,
super_sample=voxelizer super sample=2)
Voxelizer 7 7 A. # i, fioThwoTik? 2hAE) Ok
res: (resoX, resoY, resoZ) 57z > T\ 3,
dx : Foicmo T3

grid_postprocess
. collide
.grid v
(b) Member functions:

. add_bounding_box(False) :

grid_postprocess.append( lambda t, dt, grid v: self.grid bounding_box(t, dt, unbounded, grid v))
lambda |3 4 B4
lambda t, dt, v: B(t, dt, False, v) & W BIECA 7Y = 7 P 3B E 5. BORMOH I N Twi
v, T ORI 5.
for fin A:
(1.0, 0.01, v)
¥ lambda %65 2>
(2 2Tl False)

a— Ny ZERE LCTERL W

BTELDOTETLEY

A.append(B(..)) : 53 < B 2 FET LAERZEM

A.append(lambda ...: B(...)) © & TH-372 OBAE % B0
T, lambda (I THIGELR DT, BRUCIIEZ 2w, 2D+ 7y 7icbglofinr o7,



. grid_bounding_box(self, t: ti.f32, dt: ti.f32, unbounded: ti.template(), grid_v: ti.template()):

padding=3 X 0 BEICIR VIR T OHEEL 0123 5

T DEELECTH 2 0 OHIEIL, 020 F 5 A O FIEE % [Rx, Ry, Rz] & L T

Ri < padding=3, Resolution — padding < Ri

THIEL T3,
. add_cube(
lower corner, # 12T ORI RUEEE
cube_size, #8Sx, Sy, Sz /i ¥ 4 X
material, # PEL
color=0xFFFFFF, # L e\, CDF? ?7 7 FERRicLLTfHl>oTWw5D

1%, color with alpha
sample_density=None,
velocity=None): # WL
ESTRDME 2 RS
sample density=2"3=8
vol = Sx*Sy*Sz

num_new_particles = int( 8 * vol / dx"3 + 1) # & T D 8 {572 > T\ 5,

seed (num _new particles, material, color)

. seed(new_particles: ti.i32, new_material: ti.i32, color: ti.i32):

BRI hIE, B, MRRER R BOE

for 1 in range(n_particles[None], n_particles[None] + new_particles):

material[i] = new_material

x[k] = source_bound[0][k] + ti.random() * self.source_bound[1][k]

seed_particle T# % source_velocity b fXA.
W7o Jplil=0 Z LAk Iplil=1

step 23 FEFRIC python I 2> H XN 2 FHH A ¥ — 4
step(frame_dt, print_stat=False, smry_writer=None):
begin_substep = total substeps

7 VX LITHLE & B

substeps = int(frame_dt / default dt) + 1 * 2e-2 *dx /size

dt = frame_dt / substeps
frame time left = frame dt

while frame time left > 0:
total substeps += 1
frame time left = dt

grid.deactivate_all() tgrid DA EY TR

root
L— pointer / bitmasked « 7O woEATEHIME
L— dense
L field (grid v #¥)

DEIBREEICEITNET.
deactivate_all() HIEDE :

 pointer / bitmasked /-FE T 0 £J0v7%E&E2h1L
o ZhiZEY
o ZOJOVIRIRERIRVCES
o ROATYITHEILBNIEBEUVEEMNIC activate Shd

sparse ¥ P U 7 REfHoTnE L R TEKEZ SO,

Py, OS ITIFIR X 7oy,

taichi N CTAE Y ZRALT B Z L iC



build pid(pid, grid m, 0.5) E VA A VAT i A Y - A

p2g(dt) DR o TR IR (grid_v, grid m) & 5EHT

grid_normalization_and_gravity(dt, self.grid v, self.grid m)

for p in self.grid_postprocess: : BEDMILULER, BETFE 3 77 v N DL % 0 1T
p(selfit, dt, self.grid v) @ FFFIt add bounding box Z MU, L

self.t += dt © IREZ BT

self.g2pV(dt) PR FIEER R EH (vp), Clp) % 8T
motion.carangiform(t, self.x, self.v, self.Eelastic) # Z #1725 carangiform
self.g2pX(dt) P TREER TR TIER (x[p) %

cur_frame velocity = self.compute_max_velocity() @ F AR FHE KD EFHE
self.all_time max_velocity = max(self.all_time max_velocity, cur_frame velocity)

build_pid(
pid: ti.template()
grid m: ti.template()
offset: ti.template()):
for p in self.x:
base = int(ti.floor(x[p] * inv_dx - 0.5)) - ti. Vector(offset) E VA VAT i o S A a3
# Pid grandparent is "block’
base pid = ti.rescale_index(grid m, pid.parent(2), base) : base &\ 5 4 VT v 7 A%,
pid.parent(2) @ SNode /& 72> & grid m @ SNode FEJEIC X 7 — 25 (HEAEASHR)
ti.append(pid.parent(), base pid, p) : pid.parent() 23453 dynamic SNode (X} L T, base pid
fIED Y R+ ~H p ZiBHN

carangiform % A3 7212, 431J7z. symplectic Euler % RefilfE 3 1Cffi > T\ 5 729 1C,
v(n+1) =v(n) + a(n) * dt

x(n+1) =x(n) + v(nt+1) * dt

IZ7 > T3, float D THIGERD T, dAHWVEWLAF—LEHZ R,

¥, WFOEEIL, EHEE mv 2 05tE L Tw 5,

p2g(dt: ti.f32): # *xFEEXEX transfer particles to grids
ti.no_activate(particle) : sparse SNode % HE)) activate L7x\ X 5T B5E
for I in ti.grouped(self.pid): : K ¥ id v — 7
p = self.pid[I]
base = ti.floor(x[p] * inv_dx - 0.5).cast(int) :p FHDOK T35 2T (= TREE

Im = ti.rescale_index(pid, grid m,I) 1 &\WH A4 v 7 v 7 2%, grid m ® SNode FEJE 5 &
pid @ SNode M I 2 7 — V25t (PBATASHR)

fx = x[p] * inv_dx - base.cast(float) : x[p]/dx — base T fx \ HH BFEET 5 grid N T
DR, 277U v b N,

# Quadratic kernels  [http://mpm.graphics  Eqn. 123, with x=fx, fx-1,fx-2]
w=1[0.5* (1.5 - fx)**2, 0.75 - (fx - 1)**2, 0.5 * (fx - 0.5)**2]
[Wxx Wyxy Wxz 2

1 3 1
Wyx  Wyy WyZl = [E (15— f)?, 1 (f — D%, (fx - E) ]

Wzx Wzy Wgz



—H#2RB-2 751 R EE)
—i&E /Sy MBI B2RB- AT 51 VEERICEWT, B- AT >0 YEERBIEIROL SIS,

1,42
1t

bia(t) = —t* +t+1
1 2
s1-1)

ChETFIENICT S &

1 -2 1 Pi_1

2 2 o|| p |fortef0,1],i=1,2...m—2
I 1 0]|piy

w FRIFEET/-FREOEE () BEO1RTES (2RBATIAY) *2&RTTILC
HELCEOT. #hazilltabi T —ET /BF -HTOEH (AN7-) 2HBTVET.
{§8#E : High— J-FIFEEMNG RN+ (quadratic B-spline) [C&33x3 (£&35)
BEREEELTNET.

S:(t)=1[# t 1]

B | =

FBNER & MFORIAGMIEIET, w 03RS FZOEEICHTS/ -FEOI-RIE
(BR7T) 25X, N-TCRITEENAE CERTOEAEF NSNS TT,

mELER ATvTIE)

1. base & fx DERE
» base = floor(x * inv_dx - @.5) : ¥ p HEEESZZET (HIVFRNIIYT
YIR) J=FOAYTII e
® fx = x *inv_dx - base ! ZDULATOERIE (EM2H 0.1 DE) =HF0O
#E&FO0-HLEE (fractional offset) .
2. =)L (1D) M3=FHE (I-F)

w J-F @

we
wl
w2

8.5 * (1.5 - fx)**2
8.75 - (fx - 1.8)**2
8.5 * (fx - @.5)%*2

o TNIEZHRBATIAY (quadratic B-spline) Z3STFHELEBOT. & wk [ HRT
ZeM/-FEH (NIKL) #ELET.

o BEMICE/-FAUTYIR 1 = base + k (k=0,1,2) [2H3 1D i-RIE
N(zy— (k- 1)) [BBHLET.



3. 2RIk (\51E)

wr J-F @

weight = TI_{d=0..dim-1} w[offset[d]][d]

o BETMIIICH-RIETHEL. Z208%EES (tensor-product 1-R)L) .
o JHIZEY. BIZIE2D T 3x3 = 9 EDHETF/- MR FOBELCELODNET (3045 27
& -
4. new_v DEE (M)
®  new v += weight * g v T/ FEE g v EEHACHEML, AIF0DER (BB
[FFEfEE) 259, ChEFRENT P2G/G2P HEINEERIKRTT.
5. ¢ MEFE (APIC B973 affine F%))
e dpos = offset.cast(float) - fx QFIFFHENES/-FEZEADATRL (grid B
i) ITY.
e C+- 4 % self.inv dx * weight * g v.outer product(dpos) [} APIC TEIRF
[CERFTET I VBRERBRNDFSEREBLTINGT.
o B 4 *inv.dx 7 ZRA-FKIOFEREE CNRAT- I EEDELERT,
APIC DE@WAICEND (W-RNAEOAT-UVY) . RE FENEFEELAIE
EOAEIEEURAT-ICELCEREDROA LESSHOZEHTY.
e BEE c 3 WTICFEETS) affine velocity matrix ML T, &2 P2G &(C
affine @ dpos DETEFEICFSLET.
6. BERPEEATIVT
e assume_in_range / rescale_index BV GPU JOw/SHE{LDEY P pointer 5
LVO®WT, BEORECREEZELEV., EBEAATITAZBE O IRAIOVIT
PHELGTELTNET.

BELEES (2D)
o L fx = [0.3, 0.7] D¢E (HFREIOERISPPFY, EEAAEEBEFY)
o wd =08.5%(1.5 - fx)*2 — per-dim vectors
o EEENIE $3/-F (offset = (0,0)) ANDEHE we[e]*we[1] . (offset=(1,2)) &
5 wi[e]*w2[1] DEICHYET,
o EZ/-FEHMEINT rew v & ¢ EEDHET.

EEHNTYE (B

o ID3EZRN-FIEBSHTRFELEZEEDNGVINEL MPM ZETE(EDNE
ER

o weight O&EFHE CEEHMICR) 1 [LEVETTC BEO—EHER6ET (FE/ES -8
BALECRUNGThSY) .

o C EERHBL APIC DT R L EERIEMET 0. %ICFELL apic_alpha /
affine_scale THEJIIDNBHTT.

iR, RIS, W27 T bFmibanTko o Tn2d 0T, KTl
CIEEINIC IR T . 72AL, ZoRE 0, AR LT b Ao Tw . RO
BE&ix 7w, NS R FBELThw iRy, 3256 TR AE LRy, FBELTH L 1ZBEER
AN

# Deformation gradient update ZEHETTH F

F = self.F[p] Dp IR TEE

if self. material[p] == self.material water: # KDL —F v
F = ti.Matrix.identity(ti.f32, self.dim)



if ti.static(self.support_plasticity): # default true
F[0, 0] = self.Jp[p]
l]p[p] 0 0]

F=10 1 0
0 0 1

F = (ti.Matrix.identity(ti.f32, self.dim) + dt * C[p]) @ F

100 Jplp] 00
F= [O 1 0|+ dt*[C(p)] [0 1 0| C matrix 234 BH
001 0 0 1
# Hardening coefficient: snow gets harder when compressed
h=1.0
if ti.static(self.support_plasticity): # default true
if self.material[p] != self.material water: PRSI B
h = ti.exp(10 * (1.0 - self.Jp[p])) *h=er0*(1-Jp[p])

Ip[p12 1T 0 TO0.02 H72 Vim0 F 5,
er10(1-0.02)=¢"9.8=2%1074 < B Wi < 75 5.
if self.material[p] == self.material elastic: # jelly, make it softer JH{4:{A7 &
h=03

mu =selfmu 0*h DK DASM IR R R A 0 <
la = self.lambda 0 * h PO RAERDIEL. MR 51355 <.
if self.material[p] == self.material water: # liquid
mu = 0.0 DRI R 0
U, sig, V = ti.svd(F) DR RAED M F=UZVT

U, sig, V = ti.svd(F)

e U :Matrix
e sig :Vector (BEMEA L)

e v :Matrix

ZICAELF %, R & O (R =) BRI ICrfifs 5.

J=1.0
if self. material[p] != self.material sand: W Thnzn
for d in ti.static(range(self.dim)):
new_sig = sig[d, d] 1 O A = PATIEEN S

if self.material[p] == self.material snow: # Snow 7% &
new_sig = min(max(sig[d, d], 1 - 2.5¢-2), 1 +4.5¢-3) # 1-2.5% <sig < 1+4.573
if ti.static(self.support_plasticity): # default is true
self.Jp[p] *= sig[d, d] / new_sig : Jplp] =sig[d,d] / new_sig
sig[d, d] = new_sig
J *=new _sig :
if self.material[p] == self.material water: PKE B
# Reset deformation gradient to avoid numerical instability
F = ti.Matrix.identity(ti.f32, self.dim)

F[0,0]=1J
[]p [p] 0 Ol
F=fo 1 0
0 0 1
if ti.static(self.support_plasticity):
self.Jp[p]=1J PRI LRDLTnKR?2?27?
elif self. material[p] == self.material snow: @ 7o
# Reconstruct elastic deformation gradient after plasticity
F=U @ sig @ V.transpose() CRRESM RS
stress = ti.Matrix.zero(ti.f32, self.dim, self.dim) ehTr vy

if self. material[p] != self.material sand: Wl hnio



stress =2 * mu * (F - U @ V.transpose()) @ F.transpose() + ti.Matrix.identity(ti.f32, self.dim)
*la*T*(1J-1)

Oxx Txy Txz 100 e
Tyx Oyy Tyz| = 2u(F —UVTFT +|0 1 0| —ar—J( — 1)
[sz Tzy azzl 001 (ma-2v)

else: P75

if ti.static(self.support_plasticity):

sig = self.sand_projection(sig, p) : AT EIE 2B 1E
F=U @ sig @ V.transpose() RRY, F=UzVT
log sig_sum = 0.0
center = ti.Matrix.zero(ti.f32, self.dim, self.dim)
for 1 in ti.static(range(self.dim)):

log_sig sum += ti.log(sig[i, i])

center([i, i] = 2.0 * self:mu_0 * ti.log(sig[i, i]) * (1 / sig[i, i])
for 1 in ti.static(range(self.dim)):

center[i,i] += self.lambda_0 * log_sig_sum * (1 / sig[i, i])
stress = U @ center @ V.transpose() @ F.transpose()

Oxx Txy Txz a 00
[Tyx Oyy Tyz|=U|0 b O|VTFT
Tzx Tzy Ozz 00 ¢
self F[p] =F D [alig & AT E) D 2T ) Be T4

stress = (-dt * self.p_vol * 4 * self.inv_dx**2) * stress
Oxx Txy Txz

G [Tyx o Tyzl [ms/m?] * [Pa]=[Ns/m]?2??

Tzx Tzy Ozz
# TODO: implement g2p2g pmass
mass = self.p_mass : particle mass?

ZIT, TNENOMEIOEBEITERTE 3.
if self.material[p] == self. material water: @ K7z b
mass *= self.water density THEXEE? 722 L7250 density (JHLE ?

affine = stress + mass * self.C[p]

Adt « V Oxx Txy Txz
affine = — a2 Tyx Oyy Tyz|+m[C(p)]
x Tzx Tzy Ozz
rdu du ou
dx dy 0z
ff 4dt « v [Oxx ;xy :_xz v dv Jv
affine = ———— |Tyx Oyy Tyz|+m| — — —
dx? |7 Tyy Op ox dy 0z
ow dw Jdw
 0x Jdy 0z

# Loop over 3x3 grid node neighborhood
for offset in ti.static(ti.grouped(self.stencil range())): # (3, 3, 3)
dpos = (offset.cast(float) - fx) * self.dx
weight=1.0
for d in ti.static(range(self.dim)):
weight *= w[offset[d]][d]
self.grid v[base + offset] += weight * (mass * v[p] + affine @ dpos) : & Z T #HHE)
self.grid m[base + offset] += weight * mass

il

grid_normalization_and_gravity( & T EBjE 2> O # AL ICA
dt: ti.f32,
grid_v: ti.template(),
grid m: ti.template()):
v_allowed = self.dx * self.g2p2g allowed cfl/dt : dx* 7 — 7 v %(=0.9 /dt
7 —7 V09 THETE 2 LR
for I in ti.grouped(grid m):



if grid m[I]>0: #No need for epsilon here & ICE®E (K1) 2B2Ho72bH
grid v[I]=(1/grid m[I]) * grid v[I] # Momentum to velocity
grid_v[I] += dt * self.gravity[None]

# Grid velocity clamping : 7 — 7 Y b RO 7-EEHIB L VB bR nK 5 I T 3HE
flfR. ch7l, dt 2l FTNET 2R EEEFFREI N, wo<K Vicks., XER3
&, BTFRESITLED, dt DFFIC LT ida b,

if ti.static(self.g2p2g allowed cfl > 0 and self.use g2p2g and self.v_clamp g2p2g):

grid_v[I] = min(max(grid_v[I], -v_allowed), v_allowed) *  -Vmax <V < Vmax
g2p(self, dt: ti.f32):
ti.no_activate(particle) : particle DIET 7T 4 X4 b
for I in ti.grouped(pid): DR id
p =pid[I] : )
base = ti.floor(x[p] * inv_dx - 0.5).cast(int) : #&TFPEERIHE  x[p])/dx -0.5
Im = ti.rescale_index(pid, grid m, I) t1E WS A VT v 7 A% grid ® SNode P& 2>

5 pid ® SNode FEE i 2 77 — 25 (JRAEEZE s)

for D in ti.static(range(self.dim)): : speed up for GPU

base[D] = ti.assume_in_range(base[D], Im[D], 0, 1)
fx = self x[p] * self.inv_dx - base.cast(float) : fx = x[p]/dx — base, 1% P&l
w=1[0.5* (1.5 - fx)**2, 0.75 - (fx - 1.0)*¥*2, 0.5 * (fx - 0.5)**2]

PHEARZ P [05* (1.5 —x)?,0.75 — (fx — 1)2,0.5 = (fx — 0.5)?], fx (I~Z7 b

new_v = ti.Vector.zero(ti.f32, self.dim)
new_C = ti.Matrix.zero(ti.f32, self.dim, self.dim)
# Loop over 3x3 grid node neighborhood
for offset in ti.static(ti.grouped(self.stencil range())): : # (3, 3, 3)

dpos = offset.cast(float) — fx L LR E TOMERY PV
g v =self.grid v[base + offset] PAS T
weight=1.0
for d in ti.static(range(self.dim)):

weight *= wloffset[d]][d] P EHA
new v +=weight * g v VAR AV Y23

new C +=4 *inv_dx * weight * g_v.outer_product(dpos)
4w
C+= o (Vgria X dpos)

V= ('LI.,U-,"CL-')s X = (:E! yﬁz)

i ur uy uz
VeX=|v {.:: Y z) = | vz vy wz
w wr wy wsz

Taichi T, outer product (37 ¥ VW (T4) o Z &, HRE~X 7 b it (cross

product)
if self. material[p] != self.material stationary: HEIEPIR L 2 b o 72D
D A SR I HT L T B O T symplectic Euler
v[p] = new_v : *ﬁ?i@}f%%ﬁ
Clp] =new C P C ZEH
x[p] +=dt * v[p] # advection DRI FOLEEHT (symplectic Euler)
. compute_max_velocity(self) -> ti.f32: DX, Y, z G T R

max_velocity = 0.0
for p in self.v:
v = self.v[p]
v_max = 0.0
for i in ti.static(range(self.dim)):
v_max = max(v_max, abs(v[i]))
ti.atomic_max(max_velocity, v_max)



return max_velocity

(3-2) fADZ 7R (motion.py)

ALV a—=FroRZ T W 72T — IO TR T#ED O M OMERN T2 LHL, K74 %254
HL TR T HSCOINMIE R E2REL T3, EBHIED o 2. 33 C Carangi Tld7a <,
Anguilli TEBj XT3,

import taichi as ti
import math
import random

PI = ti.math.pi # T GPU NTO 22 5 ERK

@ti.data_oriented
class Motionclass:
def init (self, fish, mpm: ti.template(), dt: ti.f32, offset: ti.f32):
self translation = fish["translation"]  # & X 417z fish U X } 2> 5 translation ZfCA. Z#d U X

k
self.start_pos = fish["start_pos"]
self.scale = fish["scale"]
self.relax = fish["relax"] # relaxation time
self.freq = fish["frequency"] # [Hz]
self.length = fish["length"] # [m]
self.lambdaF = fish["lambda"] # [m]
self.amp = fish["amplitude"] # [m] lambda is reserved name by python
self N = fish["N"] # body division number
self.dt =dt # [s]
self.offset = offset # [m] particle radius
self.flg = True # calculation flg
self.fish_particle num = 0; # count elastic material number
for i in range(mpm.x.shape[0]):
if mpm.material[i] == mpm.material_elastic:
self.fish particle num +=1;
# mapping global particle number to fish particle number
self.fishX0 = ti.Vector.field(3, ti.f32, shape=self.fish particle num)
self.particlelD = ti.field(dtype=ti.i32, shape=self.fish_particle num)
j=0
for i in range(mpm.x.shape[0]):
if mpm.material[i] == mpm.material_elastic:
self.fishXO0[j] = mpm.x[i]
self.particleID[j] =1
jt=1
# **** mapping fish particel number to Divided particle nubmer ****
dL = self.length / self.N # N is divided body number
# calculate the particle number and the center position
dividedPR_lenTemp = ti.field(ti.i32, shape=self.N) # total particle number for divided right
body
dividedPL_lenTemp = ti.field(ti.i32, shape=self.N) # for left
dividedPYRTemp = ti.field(ti.f32, shape=self.N) # y coodinate of average position of
particlers for divided right body
dividedPYLTemp = ti.field(ti.f32, shape=self.N) # for left

dividedPZUR _lenTemp = 0
dividedPZLR lenTemp =0



dividedPZURTemp = 0.0 # z coodinate of average position

of upper particlers

dividedPZLRTemp = 0.0 # z coodinate of average position

of lower particlers

fishx[2]:

fishx[2]:

for i in range(self.N):
dividedPR_lenTempl[i] =0
dividedPL_lenTemp[i] =0
dividedPYRTemp[i] = 0.0
dividedPYLTemp[i] = 0.0

for i in range(self.fish_particle num): # p: 0..fish_particle num-1
fishx = mpm.x[self.particleID[1i]] - self.translation
j = (int)((fishx[0] + 0.5 * self.length) / dL) # ( fishx + length /2.0 ) / dL

if 0 <=j and j < self.N:

if 0.0 < fishx[1]: # if right
dividedPR_lenTempl[j] +=1
dividedPYRTemp[j] += fishx[1]

if fishx[1] < 0.0: # if left
dividedPL lenTemp[j] +=1
dividedPYLTemp[j] += fishx[1]

if 0.0 < fishx[2]: # if upper
dividedPZURTemp += fishx[2]
dividedPZUR _lenTemp += 1

if fishx[2] < 0.0: # if lower
dividedPZLRTemp += fishx[2]
dividedPZLR lenTemp +=1

for i in range(self.N):
dividedPYRTemp[i] = 0.5 * dividedPYRTemp[i] / dividedPR _lenTemp][i]
dividedPYLTempl[i] = 0.5 * dividedPYLTemp[i] / dividedPL lenTempi]
dividedPZURTemp = 1.5 * dividedPZURTemp / dividedPZUR _lenTemp
dividedPZLRTemp = 1.5 * dividedPZLRTemp / dividedPZLR lenTemp

#

self.dividedParticleR len = ti.field(ti.i32, shape=self.N)
self.dividedParticleL len = ti.field(ti.i32, shape=self.N)
for i in range(self.N):

self.dividedParticleR len[i] =0
self.dividedParticleL len[i] =0
for i in range(self.fish_particle num): # p: 0..fish_particle num-1
fishx = mpm.x[self.particleID[i]] - self .translation
j = (int)((fishx[0] + 0.5 * self.length) / dL) # ( fishx + length /2.0 ) / dL

if 0 <=j and j < self.N:
if dividedPYRTemp[j] < fishx[1] and fishx[2] < dividedPZURTemp and dividedPZLRTemp <
# if far right
self.dividedParticleR len[j] +=1
if fishx[1] < dividedPYLTemp[j] and fishx[2] < dividedPZURTemp and dividedPZLRTemp <
# if far left
self.dividedParticleL len[j] += 1

max_nR = self.dividedParticleR len[0]

max_nL = self.dividedParticleL._len[0]

for j in range(1, self.N):
if max_nR < self.dividedParticleR len[j]: max nR = self.dividedParticleR len[j]
if max_nL < self.dividedParticleL._len[j]: max_nL = self.dividedParticleL len[j]

if max_nR <1 or max_nL < I: print("ERROR: motion class")

#
rowR = ti.field(ti.i32, shape=self.N)



rowL = ti.field(ti.i32, shape=self.N)
for i in range(self.N):
rowR[i] =0
rowL[i]=0
self.dividedParticleR = ti.field(dtype=ti.i32, shape=(self.N, max_nR))# [devided body id, body particle
id ] = global particle id
self.dividedParticleL = ti.field(dtype=ti.i32, shape=(self.N, max_nL))

self.dividedParticleCR= ti.field(dtype=ti.i32, shape=(self.N, max nR)) # [devided body id,
body particle id ] = connected adjecent body particle id
self.dividedParticleCL= ti.field(dtype=ti.i32, shape=(self.N, max_nL)) #
for i in range(self.fish_particle num): # p: 0..fish_particle num-1
fishx = mpm.x[self.particleID[1]] - self.translation
j = (int)((fishx[0] + 0.5 * self.length) / dL) # ( fishx + length /2.0 ) / dL

if 0 <=jand j <self.N:
if dividedPYRTemp[j] < fishx[1] and fishx[2] < dividledPZURTemp and dividedPZLRTemp <
fishx[2]: # if far right
self.dividedParticleR[j,rowR[j]] = self.particleID[i]
if j <self.N -2:
self.dividedParticleCR[j,rowR[j]] =
int(random.randrange(self.dividedParticleR len[j+2])) # ti.r-andom(dtype=ti.i32) % self.dividedParticleR len[j+2]
rowR[j] +=1
if fishx[1] < dividedPYLTemp(j] and fishx[2] < dividedPZURTemp and dividedPZLRTemp <
fishx[2]: # if far left
self.dividedParticleL[j,rowL[j]] = self.particleID[i]
if j <self.N -2:
self.dividedParticleCL[j,rowL[j]] =
int(random.randrange(self.dividedParticleL len[j+2])) # ti.random(dtype=ti.i32) % self.dividedParticleL len[j+2]
rowL[j] =1

# initial distance between particles
self.dividedParticleCRL= ti.field(dtype=ti.f32, shape=(self.N, max nR)) # [devided body id,
body particle id ] = length to the connected adjecent body particle
self.dividedParticleCLL~= ti.field(dtype=ti.f32, shape=(self.N, max_nL)) #
for i in range(self.N-2):
for j in range(self.dividedParticleR len[i]):
x0 = mpm.x[ self.dividedParticleR[i,j] ]
x1 = mpm.x[ self.dividedParticleR[i+2, self.dividedParticleCR[i,j] ] ]
dis = x0 - x1
self.dividedParticleCRL[i,j] = dis.norm()

for j in range(self.dividedParticleL_len[i]):
x0 = mpm.x][ self.dividedParticleL[i,j] ]
x1 = mpm.x][ self.dividedParticleL[i+2, self.dividedParticleCL[i,j] ] ]
dis = x0 - x1
self.dividedParticleCLL[i,j] = dis.norm()

@ti.kernel  #kernel | python 2> 5 EUNH 4 5 23, func 1 kernel 2> 5 L 2>FEON 2 7o,
def carangiform( self, t: ti.f32, px: ti.template(), pv: ti.template(), YoungModulus: ti.f32, dx: ti.f32 ):

nan

# carangi

E = YoungModulus # Young's modulus

I1=2.0e-8 #2.0¥10" mm~™4 =2.0 * 10"-8 m™4
S =0.064 # 670 mm”2 = 0.064 m"2
w=0.04 # body width

k=20.0*0.5/(E*) *S/(w/4.0)  #F=d2y dx2/(E)*S

for i in range(self.N-2):
x=(1+0.5) * self.length / self.N
theta = 2.0 * PI * ( x/self.length - self.freq * t)



d2y dx2 =4.0 * PI * self.amp / self.length * ti.math.cos(theta) - 4.0 * PI**2.0 * self.amp * x /

(self.lambdaF**2.0 * self.length) * ti.math.sin(theta)

F/m

stress =k * d2y_dx2 / self.dividedParticleR len[i] * min( t/self.relax, 1.0 )

#print(stress)

for j in range(self.dividedParticleR len[i]):
# right side
id0 = self.dividedParticleR[i,j]
id1 = self.dividedParticleR[i+1, self.dividedParticleCR[i,j]]
p0 = px[ idO ]
pl =px[idl ]
n=7p0-pl
f m = stress * n.normalized() * self.dt
pv[idO]+=f m
pv[idl]-=f m

for j in range(self.dividedParticleL_len[i]):
# left side
1d0 = self.dividedParticleL[i,j]
id1 = self.dividedParticleL[i+1, self.dividedParticleCL[i,j]]
p0 =px[id0 ]
pl =px[idl ]
n=7p0 - pl
f m = stress * n.normalized() * self.dt
pv[idO]-=f m
pv[idl ]+=f m

nmn

# anguilli

E = YoungModulus # Young's modulus

1=2.0e-8 #2.0¥10"4 mm™4 =2.0 * 10"-8 m™4

S =0.064 # 670 mm”2 = 0.064 m"2
w=0.04 # body width

k=5.0*0.5/(E*D) * S/ (w/4.0) #F=d2y dx2/(ED)*S

limitU = dx / self.dt # limited velocity by Courant condition

for i in range(self.N-3):
x=(1+1.5) * self.length / self.N
theta = 2.0 * PI * ( x/self.length - self.freq * t)

d2y dx2 =-4.0 * P[**2.0 * self.amp / ( self.lambdaF**2.0 * self.length) * ti.math.sin(theta)
accel =k * d2y_dx2 / self.dividedParticleR len[i] * min( t/self.relax, 1.0 )

#print(accel)

#if limitU < ti.abs(accel)*self.dt:
# print("Courant condition error ", limitU, " ", ti.abs(accel)*self.dt )

accel = min( max( -limitU/self.dt, accel ), limitU/self.dt )

for j in range(self.dividedParticleR _len[i]):
# right side
1d0 = self.dividedParticleR[i,j]
id1 = self.dividedParticleR[i+2, self.dividedParticleCR[i,j]]
p0 =px[ id0 ]
pl=px[idl ]
n=p0-pl
vel = ti.Vector.zero(ti.f32, 3)
dis = n.norm()
init_length = self.dividedParticleCRL[i,j]
if 0.95 * init_length < dis and dis < 1.05 * init_length:

#



vel = accel * n.normalized() * self.dt
pv[ id0 ] += vel
pv[ idl ] -=vel

for j in range(self.dividedParticleL_len][i]):
# left side
id0 = self.dividedParticleL[i,j]
id1 = self.dividedParticleL[i+2, self.dividedParticleCL[i,j]]

p0 = px[ idO ]
pl =px[idl ]
n=7p0-pl

vel = ti.Vector.zero(ti.f32, 3)

dis = n.norm()

init_length = self.dividedParticleCLL[i,j]

if 0.95 * init_length < dis and dis < 1.05 * init_length:
vel = accel * n.normalized() * self.dt

pv[ id0 ] -= vel
pv[ idl ] +=vel

@ti.kernel
def move( self, t: ti.f32, px: ti.template(), pv: ti.template(), time:ti.f32 ):
d = ti.Vector( self.start_pos )
d -= self.translation
v=d/time
d *=t/time
for 1 in range(self.fish_particle num):
px[self.particleID[i]] = self.fishXO0[i] + d
pv[self.particleID[i]] = v

(3-3) X4 va—F (FSIswim00.py)
FEHIC R Z 7=, ... R HEH

import taichi as ti
import numpy as np
import os

import glob

from moviepy import ImageSequenceClip
from engine.mpm_solver import MPMSolver
from VTU import VTUclass

from motion import Motionclass

# Parameters

SimulationTime = 1.0 # [s]
CalculationSpace = 0.4 # [m]
Resolution = 64

dt = 5e-5

VTUinterval =20 # VTU saving interval

fileName = "flyingfish.obj"

fish = {
"translation": [CalculationSpace/2.0, CalculationSpace/2.0, 0.2],
"start_pos": [CalculationSpace/2.0, CalculationSpace/2.0, 0.1],
"scale": [1.0, 1.0, 1.0],
"relax": 0.1,
"frequency": 10, # [Hz]
"length": 0.2, # body length [m]



"lambda": 0.2, # lambda of carangiform [m]
"amplitude": 0.02, # tail amplitude of carangiform [m]
"N": 16, # body division number

h
ti.init(arch=ti.cpu)

mpm = MPMSolver(res=(Resolution, Resolution, Resolution), size=CalculationSpace, max_num_particles=2 **
23, use_ggui=True)

mpm.add_cube(lower_corner=[0, 0, 0], cube_size=[CalculationSpace, CalculationSpace, 0.1],

material=MPMSolver.material _water) # water
mpm.add_CADmodel(fileName, offset=fish["translation"], scale=fish["scale"],
material=MPMSolver.material elastic, size ratio=0.5) # fish

mpm.set_gravity((0, 0, -9.8))

@ti.kernel
def'set _color(ti_color: ti.template(), material color: ti.types.ndarray(), ti_material: ti.template()):
for I in ti.grouped(ti_material):
material id = ti_material[I]
color_4d = ti.Vector([0.0, 0.0, 0.0, 0.8])
for d in ti.static(range(3)):
color_4d[d] = material color[material id, d]
ti_color[I] = color_4d

res = (1024, 760)

window = ti.ui.Window("Real MPM 3D", res, vsync=True)
canvas = window.get _canvas()

scene = ti.ui.Scene()

camera = ti.ui.make camera()

camera.position(-0.5, -1, 1)

camera.lookat(0.2, 0.2, 0.2)

camera.up(0, 0, 1)

camera.fov(20)

particles_radius = CalculationSpace / Resolution / 4.0

# ground lines
N_ground = (int)(Resolution/3)
ground_vbo = ti.Vector.field(3, dtype=ti.f32, shape=4*(N_ground+1))
ground_verts = np.zeros((4*(N_ground+1), 3), dtype=np.float32)
for i in range(N_ground+1):
x =1 * CalculationSpace / N_ground
ground_verts[4*i+0] =[x, 0, 0]
ground_verts[4*i+1] = [x, CalculationSpace, 0]
ground_verts[4*i+2] = [0, X, 0]
ground_verts[4*i+3] = [CalculationSpace, x, 0]

def draw_ground(scene):
ground_vbo.from_ numpy(ground_verts)
scene.lines(ground vbo, width=1, color=(0.1,0.1,0.1))

def render():
camera.track user inputs(window, movement_speed=0.03, hold key=ti.ui. RMB)
scene.set_camera(camera)
scene.ambient_light((0.4, 0.4, 0.4))
set _color(mpm.color with alpha, material type colors, mpm.material)
scene.particles(mpm.x, per_vertex color=mpm.color with_alpha, radius=particles_radius)
scene.point_light(pos=(-0.5, 1.5, 0.5), color=(0.7, 0.7, 0.7))
scene.point_light(pos=(-0.5, 1.5, 1.5), color=(0.7, 0.7, 0.7))



draw_ground(scene)  # ground z = 0 plane
canvas.scene(scene)

def show_options():
global particles_radius

window.GULbegin("Solver Property”, 0.05, 0.1, 0.2, 0.10)
window.GULtext(f"Current particle number {mpm.n_particles|[None]}")
particles_radius = window.GULslider_float("particles radius ", particles_radius, 0, 0.1)
window.GUIend()

window.GULbegin("Camera", 0.05, 0.3, 0.3, 0.16)

camera.curr_position[0] = window.GULslider_float("camera pos x", camera.curr_position[0], -10, 10)
camera.curr_position[1] = window.GULslider_float("camera pos y", camera.curr_position[1], -10, 10)
camera.curr_position[2] = window.GULslider_float("camera pos z", camera.curr_position[2], -10, 10)

camera.curr_lookat[0] = window.GULslider_float("camera look at x", camera.curr_lookat[0], -10, 10)
camera.curr_lookat[1] = window.GULslider_float("camera look at y", camera.curr_lookat[1], -10, 10)
camera.curr_lookat[2] = window.GULslider float("camera look at z", camera.curr_lookat[2], -10, 10)

window.GUIend()

material type colors = np.array([
[0.1,0.1, 1.0, 1.0], # water

[0.9,0.9,0.9, 1.0], # elastic
[1.0, 1.0, 1.0, 1.0], # snow
[1.0,1.0, 0.0, 1.0], # sand
[0.0, 0.0, 0.8, 1.0], # stationary
[0.8, 0.8, 0.8, 1.0], # elasticl

]

[0.7,0.7,0.7, 1.0
dtype=np.float32 )

], # elastic2

os.makedirs("image", exist ok=True)
# os.makedirs("VTU", exist ok=True)

vtu = VTUclass()
motion = Motionclass(fish, mpm, dt, particles_radius)

# precalculation
t=0.0

time = 0.1

cnt=0

motion.flg = False

while t<time:
print(f"time={t:.4f}")
motion.move( t, mpm.x, mpm.v, time )
mpm.step(dt, motion)

if ent%10 == 0:
render()
window.show()

t+=10.0*dt
cnt +=1
t=0.0
cnt=10

cnt2 =0



motion.flg = True

while t<SimulationTime:
print(f"time={t:.4f}")
mpm.step(dt, motion)

if ent%VTUinterval == 0:
render()
# show_options()
window.save image(f"./image/frame {cnt2:04}.png")
window.show()

# vtu.write vtuMPMASCII(f"./VTU/SPH {cnt:04}.vtu", mpm )
cnt2 +=1

t+=dt
cnt +=1

# for movie

files = sorted(glob.glob("./image/frame*.png"))

if len(files) > 0:
clip = ImageSequenceClip(files, fps=60)
clip.write_videofile("out.mp4", codec="1ibx264", audio=False)

(4) MLS-MPM R % — L ##531

i aE Sk ()

https://dl.acm.org/doi/10.1145/3197517.3201293

A Moving Least Squares Material Point Method with Displacement Discontinuity and Two-Way Rigid Body
Coupling

YUANMINGHUT,MITCSAIL

ACMTrans. Graph., Vol. 37, No. 4, Article 150. Publication date: August 2018.

AR & 4 5 MLS-MPM & [l {45/ [ L

Galerkin-style weak form discretiza tion

dynamic open boundaries

Fig. 4. An elastic bunny is split by two intersecting thin plates.

a7 T7rAa ) XL, MLS-MPM with CPIC
Moving Least Square — Material Point Method with Compatible Particle-In-Cell



. Moving least squares(MLS): 7 — X s D S 1 © 2 7n g L BAEL 2 n U IC PR R 3~ 2 Tik. &Rl
RICBWT, B DT —XICFEAZRKE L, HT — X I/hNE K LT, IiER/D ek ClRn
LM ZAT ) 720, RN BIIRZ(LZ ZBICKRBITE, avva -7 774 v 7 APy 12
L—vayv (SPHikE%GY) CREMERICHIHINS, FHAICAEST 27 —2Ro8 i zm L
T3,

https://graphics.stanford.edu/courses/cs468-05-fall/slides/niloy _levin_fall 05.pdf

Example of moving least squares

T T
© Initial Data Points
Linear interpolation f|
MLE of Grd degree

Consider a function f : R" — IR and a set of sample points

S = {(24, f:)| f(z;) = fi}- Then, the moving least square
approximation of degree 7n at the point « is p () wherep minimizes the
weighted least-square error

> (@) — £)?6(||z — @)

iel

over all polynomialsp of degree m in R™. 6(s) is the weight and it tends
N ’ to zero as § — oo.

Typical example
+ Gaussian kernel 6(d) = exp(-d2/h?)

iE70y P/ —F, plikira

Variable | Type = Meaning

u any any continuous function approximated with MLS
X vector = the location of sample/node i
Xp vector = the location of particle p
Z X vector = an arbitrary continuous location
Pix) vector = the polynomial basis
clx) vector  all basis coefficients
Mix) matrix = the moment matrix
matrix M(x_,.,}
£ ;(fc} scalar = weighting function centered at x;
&, (x) scalar =~ MLS shape function centered at x;
Niix) scalar =~ B-spline basis function centered at x;
plx, t) | vector the continuous density field
vix) vector = the continuous velocity field
m; scalar | mass of node i
Vi vector  velocity of node i
v vector = velocity of node i at time n over domain Q*"
vy vector = velocity of node i at time n + 1 over domain Q"
mp, scalar = mass of particle p
Vi vector = velocity of particle p
Cp matrix = affine matrix of particle p
q vector = test function in the weak form
Gee, 5 scalar = derivative of g, wrt. xg
o matrix =~ Cauchy stress
F matrix = the deformation gradient on particle p
ff vector = the force on grid node i

Element-free Galerkin(EFG)D X 9 72 X v v 2 L AFiE & L CitHd 5.



xi BEEINAEOESL LT, MLS 28UE L dEito X v (HHAR/NFERX) 2fioT, Tl
U,

u=u(x;)

L. udb EOHE O PIE D FETE B, p KT
[co()]

4(@) = P"(z— 0)e(x) = [polz — 2),py(z ~ 2), .. pu(z 0] 4P|
L,

EFG ik TlE, c U T oz m/MEd 2 B3CrFm/h —F i X W FHTidh 3.

, ) :
Je(€) = Tien, 00 (PT(xi = x)e(x) - u)
ZTT, EFxiJEY OBFTEABE. Bx X &40 iz TIEIEEA. chiy,

c(x) = M 1 (x)b(x)
75, ZIT,

where b(x) = 2jep, &i(x)P(x; —x)u; and M(x) = X e, &i(x)P(x; -

x)PT (x; — x). Note that when P only contains linear polynomials, a

UEXDY,

—

u@) = Y GGOPT (- OM PO —Xus, (3
ieBy

u(z) = 2jep, Pi(z)ui,

& 729, ¢ I3 nodal shape function of xi

FERIT I,

EBANA TR LT, P(x)=[1]"

MIE N4 7 2iICx LC, P(x)=[1,x,y]"
2RANATRIEXT LT, P(x) =[1,xy,xy,x%y%]"

Ef¢ﬂx);1-

m XJLT I=m
3.1.1 MPLIERNA T AD T — A

i
Vi
uN

NFH¥ v INT — 28, E)IEARD D G)ONAERI~ P Y 7R, EIXEDRILF

Uy

=MTQ Ex) | 1 |. (4)

diagonal weighting matrix with =;; = £;(x), and Q(x) = [P(x; —
x),....P(xn —x)]%, M(x) = QT=0.



. JERBER L Lot T (grid) (D) :

s mi

I

o
Rl

V
4

‘i

. A5 (quadrature points) & L TR (p) :
K13

HE ' m,

{7 © xp

MR v,

EIEEE (deformation gradient) : F,

PARFZEH ¢+

ERioTWw3,

EfEI A S0, K 3EE &L 2R ICE 5. @RS SR FIcRI NS,

A A T—T Fu—FicEF36)EMmEoEREOR (EEHEFH) & (6)NS HiEiE, LUTo#EY

3.3.1 Governing equations. We start with the Eulerian governing

equatlons:
D .
D—f +pV-v =10 (conservation of mass), (5)
Dv . .
pﬁ =V -0+ pg (conservation of momentum}, (6)

o %, 617 v Vv (Cauchy stress)
Cauchy’s Law

Cauchy’s Law states that there exists a Cauchy stress tensor o which maps the normal
to a surface to the traction vector acting on that surface, according to

t=on, t,=a.n Cauchy’s Law (3.34)

uy

or, in full,

L =a,n +aT,n, +a,n,
fy =0y R, + Gyl + Ty, (3.3.5)

Iy =0y + Oyplty + 03,

X,
A
L2 7
Fas
v g
he [
{731 .
e "oy
T~ T
Lag = = X,
_,,.LL“"'F'HF -r/fr___,_,.ﬂ-" > X




O)RDFHEA (weak form) :

— plx, t") [ "H(x}—z;“{x}] ge(x. t")dx

:f Go(x, 1" ) Ta (x, t")ds—f o, p(x, 1" o p(x, 1" )dx,
aq” it @)

T,
Rd: 74V 7 LERQp TiHA 5 (?vanish) {EEDORZ b T 2 FEIE (=FEM DIZIRBEIE0)
qxt) @ Bt I BT BALE x DR
T(x,t) : A LD traction field

vi i HEDOn G (RT v 7)) KB T b4 4 T —HE

vl s S R EHRL L 72 BT & Wl Y
o b RIC=X, Y, Z
MPM & MLS-MPM D&\ %, FZIREE%L. MPM (% B-spline, MLS-MPM I3 _E5E nodal FZIRBEEK ¢i(x)

. Traditional MPM DAL

B-spline #&JEBI% (basis function) Ni(x)IZ & - CT#fEffk.  @ill3 FEM O L [H L.
0=x, y, z DEE DK " L (EEOLLE x IS BT 2K F5 qu(xt")=Ni(x)q" i«

[FIRRICEREE S 1F, v o(X)=N(X)V" jo

LASAE k) T?é@k_}# Bix, vl (x,t)=Nj(x) vt

g jl.l.

tf_zp i(xp)mp

lamped mass 3,

. MLS-MPM ;&) &K
9, WA EDoHOR DML 1Z, AT 0

f P, 1" 0L (X)ge (x, 1™)dx
{

—Zf 1"l (3)q (%, 1™)dx.

ZoLE, FAl e icks T s hFAiE x 25kER L 2 Y, KERE o(x)& LTUTD X ) ichErL Tw
5. B ADKEEE R X,

vax) = ) &), (8)
J

a(x ") = )| ®ilx)glh, (9)

Oi(x) = &i(x) )P (x - x)M ! (x2)P(x; — X3

). (10)

L oT, EEE myvIE



Zf p(x, t" vy (xX)gelx, t")dx = Z ‘i"m”;amu (11)

poisj
&Y, ZZTC, MTioEEZ MY 7 A myld, HRAAMIC lamped mass & L Cx A5 72 1 03N &
n, L;{T@Xﬁ7—’f§£1’ﬁ}:f;5.

) Z .Lm plx, t")D;(x)dx = Z m}.tlli(x;] = Z mPN,-(x;).
P e p P

ST X B ERTEIL T

A LAt LAs s LAsEA Lasasn W s e s

ﬂ3+1[x3 = PIEX - X;}Cﬂgn(X;),

Fi%ln D i ZFHOEFOEE

Th Y, O TR TR

. MLS-MPM D& /J1E
Z T HBARFIED key contribution

/A=y (B B3 o & LTRAE.
HEEUERE e Sl R e ESIRF L

—f Lo, p(x 1" )ogp(x, 1" )dx
ot

:_Zf;n Qo p(% 1 )og p(x, 17" )dx. (12)
P 2

Ng 3227V v F#
=70y F&ES, a=x, y, zDL&E 1, Z0IMNT 0222 770 v Fil»d5 x,y, z D J] Frg i IG
IHETWBEDN?

no_
qiu_

“? i —

5.8 _{1 fe=dandi=1i

0 otherwise

galx,1") = P (x = xp)M ' ())& (x)P(x; = xp)0a (13)

akolididld
q@%%ﬁ#uﬁﬁ@f 13X &M L <,

r’:lP}'[x—x;} » ]
Qo p(x.1") = a%, M (x;}f;[x;]P[x; - x; Vs (14)

AR ZMHICT 5720 ’riﬁf%IET”“FaEJ“CZ@ %

II. L
p (}[—XP = [1 X1 - P‘l* pZ"‘x3_ p3]

ZffioT, BEAITI, 24\/3an774 vicie s (M 2ERIC R ) TEARBEIRK



E—
%ﬁof AHREZLITF D X 5 icHiffifkd 3.

qm}g[x, t) :ﬂ‘fP_IN!‘{XE]fI;ﬁ —xpﬁjﬁﬂd,, (15)
T,
My = éﬂxg for quadratic N;(x) and %ﬂ.xz for cubic N;(x).
s, k1) AT B L, KT irEoliix

ff& == § :[:n *’-}'u,;;'fm I"}D’Hﬂ(x,tnjdx
R
o~ ny—1_ n o n i
= — FE VP MP JP;};&‘N:'{XP }(x!:ﬁ, —xpﬁl (16)

7%, TCZTC, Vipl, KXl nicE T 201 p OBEDHE. & ol —rikEIC X

. ZIAE (deformation gradient) & JJ
ERABF (A% FICLTW3DTER )

_ dZ
F= 3%

X @ P2
Z X, t) B~y 7

B T I it

S0 = GHUZ(X 1), OF(X. 1),

r'hr
Ky P ECEERIL S o £ T — A
M?ﬁﬁﬁf‘? Fp i3, U\—F'Cﬁiiavﬁé ns3.

Pl = [1+mﬂ“ ( P)] F1.

Z T C, traditional 7z MPM %,

s, ; N
P (xp) = T vt N

Zfli o5 T3 25, MLS-MPM Tli,

dentl

— =Ca*! and F;+‘:[1+mc;+1)1~";, (17)

P13, affine velocity matrix from APIC. Hyperelasticity GEI5HPE) %#{KET 27 5,

% .



= - JIG‘ J : VD
total potential energy % E EP Lf-' IP[FP} (zz, P ok o, ¥p I ANF —ERER

BO rL<, B (mAAF—DZERMT) |
{")'IE "'l.l'

f; = T —Zm[x WVIM! —{F")F"f —xM),

_ 1 ]111 T 0 _ 1r
o= i 8Tty =

Z OO HHALA, MLS-MPM % traditional MPM L VEtE a2 X P #/NE L LT3

=RE
_Sf; = Z V;]APF;TM;]N,-(:(; X! = x), (19)

P accumulating 6fi

L, RFEETF~EET 2 A7 v 7 ¢ particle to grid scatter step

Ap = fia + 2 My Nj(x)du(x? — x2)TF2. |
. ‘a c . . computing Ap

T, TNEFET2ORTF~E®D S RT v 7 ¢ grid-to-particle gather step

. MLS-MPM steps:

(1): Particles to grid

R+ g~ HE LEDE 20X

(2) Update grid momentum

symplectic Euler % L < %, backward Euler Z{# > C, #&FEEEZHH. ZIHHAMPM & 275
YTV T 4y 7 BUERESYE
https://ja.wikipedia.org/wiki/%E3%82%B7%E3%83%B3%E3%83%97%E3%83%A C%E3%82%AF%E3%83%8
6%E3%82%A3%E3%83%83%E3%82%AF%E6%95%B0%ES5%80%A4%E7%A9%8D%ES5%88%86%E6%B3%
95

VTV T T 4 v 7L (symplectic numerical method) & (X, NIV VR, ThbLI AL
F—DREIN D ZOREZILR T 2 TERDO > v 7L 7T 4 v &R IR T 2 BdEfgiE o

&

Vel = Uy + Ata(z,)
Tp+l = Tp + Ai""‘:"'n—l

DXL, @ x DEFIT v TIERL, v ZFoTw3, ALICIRBIOMEZ T HR D L,
AEREDO RV, FEEoTRIEbwIWnwE S 2.



0.4
mx"=kx ——x(n+1)=x(n)+v(n)dt  ——x(n+1)=x(n)+v(n+1)dt x(n+1)=theory
0.3

0.2
0.1
0

1.2 1.4 1.6 18 2

-0.1

-0.2
-0.3

-0.4

Symplectic Euler %1%, AT D X 5 IC/EHTE 3.
Vpy1 = Up — Exndt
k k
Xpi1 = Xp + Vpprdt = x, + (vn - Exndt> dt = x, + vydt — Exndt2
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(1) Grid to particles
F 2 bRIF~, APIC $ L < I, PolyPIC % f# - CT#JE & affine/polynomical coefficients % Hrik

(2) Particle deformation gradient
n+l

EE DRI U MLS aT L% i > TR FETE AR Z HHT. & 22 MPM & 87 5. P oEfHIC X
DEFtE a2 MK o T3,

(3) Update particle plasticity
b Lo, alrE (plasticity) O7z0ic 7wy =7 MR TFEFER
Zo7av AR, HEEPTINZY T 5000772 77



(4) Particle advection

HLwv GHELZZ) #EIC XY, KT ONLE % BT

. Material discontinuity ® 7z @ Compatible Particle-in-cell: CPIC
p.q ¥ MPM Kt

r, s (ZAIATELR

i,j 3T — FigE

5.1 Rigid-rigid collision Fil{A [t D2

P P A P

Lyt e yh * 1 n+1 n+1
Witk o PED sz o VT s, Or T Or Cpagoc, Vro Andop

WCHFTEN S, 5.6
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Particle color persistence and penalty force

K7 AR % 22 & 4T 7= gD )< )+ f=kAx*n L [F] L
F,
f,l'-“ "= —khdpﬂp, {22}

kh: penalty stiffness parameter HEJ ) DBk W RN 2 b D275, ...
np: BEERRTM R 2 b
dp: HRHE

About to penetrate dp Slightly penetrated dp

o Il ———T—_‘ -

Fig. 13. Here we show the motion of a particle slightly penetrating a bound-
ary due to numerical advection error. In this case, our method robustly
maintains a persistent particle color (Ap,, Tp,) and normal ny. The recon-
structed distance becomes negative when penetration happens. This allows
us to apply a weak penalty force as explained in §5.3.3.

Particle grid compatibility

Si: 0 Tld7a\» Air b DHRMOEAR. T/ —Fi

Sp: 0 Tli7z\» Air & b 2B RE O EA. KT p
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5.4 Particle-to-grid transfer K T-#&T-#firik

ir*: K p & compatible Ze#5T/ — F i

i Lehwigt/ —Fi

p*: BT/ — ¥ i & compatible 72K F p

p: Lo mwhki+p

WA LGS ©, KL Fid compatible Ze# T/ — N ICOAREmiEI N5, LT, #&F/—Fiokiln D
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Z Ni(x)mg, (23)
qeip™}

(mv) = Z Ng(x:;}mq (v; - C;(xi- > x;}] ) (24)
ge{p™}

Velocity projection operator: #E R A =L — &
ZNZNORIA i LT, (& x TOMFRZEREE (world-space velocity) (&

e = e R ey mie

ny — il n n
Viix)=v]! +o x(x—x7).

755, MEERRE &[RRI X 2@ D]

Velocity projection and impulses on rigid bodies
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Prnjr(v .Dp, x;}_\a’"(x, +Pm_][ = V3(x;).ny, By ).

Br: boundary type

A D EERIREL
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. -P—
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. MLS-MPM grid momentum update & f-i# )y & 56 5T
i HH O OEEEIZLLTOXCEB NS,

{mﬁ}f“ = (mv)! + At (mP'g + "),
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5.5 CPIC grid-to-particle transfer: CPIC 1% K] ¥ ¥ri%
a ghost velocity approach
KiF p & incompatible 72#% T/ — FiZ B W TTEE IR LR ? 2 ?

“J—V jE1P1
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v;+1 — Z p}"p"' z n+l‘ (27)
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R B n
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Dp OFFEM: % &ET % 72 91T, incompatible / — F [T ghost velocity Z > T 5,
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I
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IR p ISR IT A DL, ¢ BEARPOMLREINE LFIZIT 0Lkl
R p O8I
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e+l on n+l1
X, _xp+ﬂrvp .

MFRIZR IR, R CHEf I 5.

n-l:l _ 1 .
Fp* = 1+ ArCyHhF).

ﬂrfp
RQ)D<F AT 4 HHE P BRTICEA L, W IEE 0 KRR ER T 2.

5.6 Rigid body advection: Fl{ADHE) (Z 053871, WIADEH)IC D advection % 5)

n+1 *

6 T

P2G: transfer operation from particle to grid



G2P: transfer operation from grid to particle

itk D> MPM Tl Z OEHUICEHE 2 2 + D 85% %o Tz

MLS-MPM TI(Z, SPGrid Z 272>\, blocked transfer & lock-free multi-threading D 7z @ eight-colored
P2G Zffio T\ 5.

EE LD 7D I A F O EHoTn 3,

into Ng[x;]QP(x,- - x;], where

[

av
_ 0441 nypnl
Qp = AtV M, = (Fp)FpT + myC,

8%10M6 DRI TRV Fw—727 LTHh7. 8M K1 =223 kit

O
\ &\ < -
0 (Rt Q;E .:

3 t Particle CDF Particle|state Particle velocityland strain - Particle advection
4
_p.
RN
2 1 Grid CDF Crid state (mass, force, momentum update)
Y (-\
@ D

1 ; — T . Time n state

= L k'Y O Time n+1 state
¥ \\_ —>= CPIC transfer

Rigid body state Rigid body impulse Rigid body advection

Fig. 10. Algorithm overview from time ¢" to ™" for MLS-MPM with CPIC.
Steps: (1) Rigid-rigid collision and rigid body articulation update rigid body
velocities (§5.1): (2) Splat rigid body to grid CDF (§5.2); (3) Reconstruct
particle CDF from grid CDF (§5.3); (4) CPIC particle-to-grid transfer and
rigid body impulses (§5.4); (5) CPIC grid-to-particle transfer (§5.5); (6) MPM
particle advection (§5.5); (7) Rigid body advection (§5.6).

. Affine Particle In-Cell (APIC)

C. Jiang, C. Schroeder, A. Selle, J. Teran, and A. Stomakhin. 2015. The affine particle-in
cell method. ACM Trans Graph 34, 4 (2015), 51:1-51:10.
https://dl.acm.org/doi/10.1145/2766996

Grid & Particle

Compatible Particle-In-Cell (CPIC)



https://dl.acm.org/doi/10.1145/2766996

. Particle in-Cell (PIC)

. Fluid Implicit Particle (FLIP)

. Polynomial Particle-In-Cell
APolynomial Particle-In-Cell Method

. eXtendedFiniteElementMethod(XFEM)
Robust eXtended finite elements for complex cutting of deformables. ACM Trans Graph 36, 4 (2017), 55.

. VirtualNode Algorithm (VNA)
Molino et al. 2005

Material Point Method (MPM):

is a hybrid Lagrangian/ Eulerian discretization scheme for solid mechanics and a generalization of the FLIP

FLIP-based fluids

element-free Galerkin (EFG)

. Smoothed Particle Hydrodynamics (SPH)
position-based dynamics (PBD)
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(6) AI#RAL
VTU 7 7 4 V% paraview @ gaussian resampling CZK/~ L T4 %, File>Open 2> o1V 7272 F T %
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